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Abstrat
This doument reviews the general approah to orreting the proess e+e− → X0 → f f¯ for
radiative eets, where X0 represents an exhanged boson arising from some new physis. The
validity of urrent methods is disussed in the ontext of the dierential ross setion. To this
end the universality of the dominant QED radiative orretions to suh proesses is disussed
and an attempt is made to quantify it. The paper aims to justify, as muh as possible, the
general approah taken by e+e− ollider experiments to the issue of how to treat the dominant
radiative orretions in tting models of new physis using inlusive and exlusive ross setion
measurements. We onlude that in all but the most pathologial of new physis models the
dominant radiative orretions (QED) to the tree level proesses of the standard model an
be expeted to hold well for new physis. This argument follows from the fat that the phase
spae of indiret new physis searhes is generally restritive (high
√
s′ events) in suh a way
that the fatorization of radiative orretions is expeted to hold well and generally universal
infrared orretions should be prevalent.
(1)
email: k.hamilton1physi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1 Introdution.
In this doument we disuss how radiative orretions whih signiantly aet the standard
model difermion proess maybe exploited suh that they an be used with analogous difermion
proesses ontaining new physis omponents, i.e. we disuss the universality of radiative
orretions to the difermion proess. To this end we must derive again the signiant QED
orretions to the difermion proess. The results of our derivations agree with those in the
literature. It has also long been known that QED radiative orretions an exhibit soft behavior
whih is independent of the underlying proess, the so alled hard proess (see e.g. [1, 2℄), it
is this behaviour that we wish to nd and study. The known radiative orretions generally
manifest themselves as long and ompliated analyti expressions and one generally has no lue
as to whether they are signiant or universal or, ideally, both. In reviewing and dismantling
known results we are able to thoroughly hek the dependene of radiative orretions on the
hard sattering proess thus highlighting, as muh as possible, universal parts of radiative
orretions whih are relevant to more general difermion proesses.
2 Fitting Beyond the Standard Model Physis.
Currently there are a large number of models involving physis beyond the standard model
whih may be onstrained frommeasurements of the difermion proess e+e− → f f¯ . New physis
models appear frequently in the literature whih propose modiations to these observables.
It is ommon for these models to involve the exhange of a new gauge boson mimiking the
exhange of a Z0 or photon in difermion proesses. Let us generially denote these partiles
X0. The result of suh exhanges is to inrease the measured ross setions above that whih
one would expet for difermion proesses as dened above, the dierential ross setion will
also be modied.
The new physis ontribution to the measured difermion ross setion is always given as
a funtion of some parameters of the theory, typially the energy sale of the new physis.
The total new physis ontribution due to exhange of X0 bosons omprises of a term due to
interferene of X0 exhange amplitudes with eah of the Z0 and γ exhange amplitudes, as well
as a pure X0 exhange term. Given that new physis eets are weak the largest ontribution
from them omes from the interferene term. By adding this new physis predition to the
predition for genuine difermion events and tting the result to the data for various values of
the new physis parameters one an obtain χ2 as a funtion of the parameters. From this χ2
funtion one an obtain ondene limits on the parameters.
Due to the fat that the standard model generally agrees well with experimental measure-
ments any new physis eet whih may be ourring in urrent e+e− ollider experiments must
be small. Generally one is trying to set the most stringent onstraints on the new physis model
one an. It is for these reasons that when seleting events with whih to set limits one should
not inlude events for whih
√
s′ ≪√s(2) as previous runs of the experiment will have diretly
probed these energies (and found nothing) so inluding suh eets will essentially dilute the
eets of a new physis ontribution resulting in a more relaxed limit. Obviously there is a
trade o between the number of events in the sample and the amount by whih new physis
would be diluted. At LEP2 limits are set on the various models of new physis using only
samples of events for whih
√
s′ ≥ 0.85√s.
Given that radiative orretions have striking onsequenes for difermion events it would
be naive to think that they are inonsequential for new physis proesses. New physis ross
(2)
√
s′ is the so-alled redued invariant mass.
√
s′ <
√
s due to bremsstrahlung emitted from the initial state
partiles. Generally
√
s′ is the invariant mass of the exhanged boson, it is dened in appendix 8.
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setions and dierential ross setions that appear in the literature are only ever given to tree
level, to obtain realisti limits for the parameters of the model one should try to orret these
preditions for radiative eets. Eetive theories are generally non-renormalizable, so the
idea of omputing radiative orretions to proesses derived from them may not seem sensible.
Nevertheless the idea of tting the born level preditions is ertainly not orret. Finally, in
the event that expliit alulations of radiative orretions were possible, to do this would be
unfeasible given the urrent rate at whih new physis senarios are oneived.
The onventional method employed by experiments to improve the tree level new physis
preditions of an observable ONP , to inlude radiative eets O
′|NP , is to multiply the tree level
predition by a simple fator of the standard model predition inluding radiative orretions
O′|SM divided by the standard model predition at tree level O|SM ,
O′|NP = O|NP ×
O′|SM
O|SM
. (2.1)
This orretion fator embodies the aggregated eets of all of the standard model radiative
orretions. This approah amounts to laiming that all standard model radiative orretions
fatorize trivially from the born level quantity, that radiative orretions are independent of
the born level proess. In the rest of the paper we investigate whether the approah of equation
2.1 is at all valid.
3 Radiator Funtions: A Blak Box Empirial Study.
The eet of bremsstrahlung on e+e− ollisions is highly signiant, the data show that the
ross-setions for events with
√
s′ ≥ 75 GeV is larger than those events with
√
s′
s
≥ 0.85 by a
fator of two or more. If one imagines a single bremsstrahlung orretion to a difermion proess,
in whih one of the olliding partiles emits a photon, one eet will be to lower the invariant
mass of the basi difermion reation we are trying to measure from
√
s to
√
s′ (or
√
t to
√
t′
for t-hannel proesses). Assuming that the proesses of emitting a photon and undergoing a
difermion reation are otherwise independent, that is to say they fatorize, one an think of
the ross setion σ (s)measured at some value of
√
s, in some range smin ≤ s′ ≤ s as being
omprised of a weighted sum over all of the tree level ross setions σTree (s
′) in that
√
s′ range,
σ (s) =
∫ s
smin
ds′ R (s, s′) σTree (s′) . (3.1)
R (s, s′) is the weighting funtion, it is known in the literature as the radiator funtion. Given
that the ross setion is proportional to the number of events in the sample we ould write
N (s) =
∫ s
smin
ds′ R (s, s′)NTree (s′) , (3.2)
whih tells us that ds′ R (s, s′)NTree (s′) is the number of tree level difermion events in the
range s′ → s′ + ds′ entering the measured sample of N (s). Therefore ds′ R (s, s′) is the
fration of the tree level ross setion σTree (s
′) that goes into making σ (s). What is being
desribed here is essentially the struture funtion approah, this is the idea that the eletron
and positron are not to be thought of as fundamental but rather they should be thought of as
objets ontaining truly fundamental eletrons, positrons and photons. With this in mind one
an dene a struture funtion for the eletron De (x). De (x) is a probability density funtion
of x whih is the fration of the longitudinal omponent of the eletrons momentum that it has
when it undergoes the tree level hard sattering proess. De (x) dx is therefore the probability
that the eletron ollides with the positron with a fration x of its original longitudinal four
3
momentum. The positron struture funtion is the same as the eletron struture funtion.
Negleting transverse momenta for the time being we have
s′ = x1x2s. (3.3)
With these denitions the ross setion for an eletron and positron to undergo a difermion
interation suh that s′ ≥ s′min is
σ (s) =
∫ 1
smin
s
dx1
∫ 1
smin
x1s
dx2 De (x1)De (x2)σTree (x1x2s) . (3.4)
Dening 1− x = x1x2 and demanding it be greater than smins this an be written
σ (s) =
∫ 1− smin
s
0 dx
[∫ 1
1−x dx2
1
x2
De
(
1−x
x2
)
De (x2)
]
σTree ((1− x) s)
=
∫ 1− smin
s
0 dx H (x, s) σTree ((1− x) s)
, (3.5)
allowing an identiation between the radiator funtion and the struture funtions. Clearly
H (x, s) and R (s, s′) are related by a fator.
The most general new physis distribution to t is the dierential ross setion. In this ase
the quantity O|NP to be orreted via equation 2.1 is the value of the dierential ross setion
in a given angular bin. Conventionally one would then use a number of orretion fators
determined using the aforementioned standard model ross setions in that bin to orret the
bins of the new physis tree level angular distribution. It is however hard to attah a physial
meaning to these orretion fators, they do not lend themselves to a desription in terms of a
radiator funtion or struture funtions. Ideally one would like to employ a radiator funtion
approah to orreting new physis observables and so orret them by folding the given tree
level quantities with the radiator funtion. This raises two questions, does a radiator funtion
approah exist for the dierential ross setion and if it does exist how should it be implemented?
Radiator funtions for the dierential ross setion do exist and are present inside e+e− →
f f¯ simulation programs. There are a variety of suh programs whih are freely available. There
are two kinds of e+e− → f f¯ simulation pakages. Semi-analyti simulations suh as TOPAZ0 [15℄
and ZFITTER [16℄ produe preditions of observables like ross-setions and dierential ross se-
tions. They ontain analyti expressions for these quantities orreted for a myriad of radiative
orretions all in the ontext of the standard model. Some outputs of these programs involve
numerial integrations hene Semi-analytial. In addition to the semi-analyti pakages there
are difermion Monte Carlo programs suh as KK2f [17℄ whih simulate atual difermion events
i.e. there output inludes four vetors for the various nal state partiles. At the heart of
the Monte Carlo is a random number generator, as the number of generated events tends to
innity the ross setions et that are alulable with the generated events tend to those of the
standard model i.e. random utuations die away. Naturally the semi-analyti pakages have
the advantage of requiring muh less omputational time than the Monte Carlo programs and
the ZFITTER pakage appears to be the most popular of these in the experimental ommunity.
In [3℄ (and the ZFITTER manual [16℄) the dierential ross setion for difermion prodution
in the presene of ISR is given in the form
(3)
dσ (s, cos θ)
d cos θ
=
∫ s
s′
min
ds′ R (s, s′, cos θ) σTree (s′) . (3.6)
(3)
The form of equation 3.6 in [16℄ diers slightly from what we quote whih is a simplied version. The
only dierene of note is that [16℄ split the born level ross setion into a part whih is symmetri in cos θ and
an asymmetri part, eah of whih is onvoluted with a slightly dierent radiator funtion. Equation 3.6 is
appropriate for the time being.
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Note ruially that all angular dependene is ontained within the radiator funtion. Let us
denote the ross setion for a new physis proess inorporating radiative orretions by σNP
and the orresponding tree level ross setion σTree,NP . Assuming that it is possible to extrat
R (s, s′, cos θ) from the ZFITTER pakage
dσNP (s, cos θ)
d cos θ
=
∫ s
s′
min
ds′ R (s, s′, cos θ)σTree,NP (s′) , (3.7)
will not be the orret dierential ross setion for a new physis proess, obviously there is
absolutely no referene to the angular distribution of new physis in the above formula, only to
that of the standard model. Studying referenes [3℄ and [16℄ in a more detail one nds that in
fat the radiator funtion whih exatly fatorizes at the level of the integrated ross setion (by
integrated we mean integrated over the full solid angle), as shown in 3.6, also largely fatorizes
from the dierential ross setion i.e. 3.6 is of the form
dσ(s,cos θ)
d cos θ
=
∫ s
s′
min
ds′ R˜1 (s, s′)
dσTree(s,cos θ)
d cos θ
+
∫ s
s′
min
ds′ R˜2 (s, s′, cos θ) σTree (s′)
=
∫ s
s′
min
ds′ R˜1 (s, s′)
dσTree(s,cos θ)
d cos θ
+ Non-fatorizable.
. (3.8)
In 3.8 R (s, s′, cos θ) has been split into a fatorizable part(4) R˜1 (s, s′)
dσ0(s,cos θ)
d cos θ
and a non-
fatorizable part R˜2 (s, s
′, cos θ). If the parts of the above whih do not fatorize into the
dierential ross setion are negligible then it appears that the radiator funtion does not
depend on the tree level dierential ross setion, in fat it does not depend on angles at all. If
this is true then R˜1 (s, s
′) would appear to be independent of the tree level physis analogous
to a struture funtion (the eletron struture funtion is disussed in the next setion), then
one would appear to have a reipe for making new physis angular distribution orreted for
radiative eets
dσNP (s, cos θ)
d cos θ
=
∫ s
s′
min
ds′ R˜1 (s, s′)
dσT,NP (s, cos θ)
d cos θ
. (3.9)
Assuming it is true that the non-fatorizable parts of R (s, s′, cos θ) are negligible we then wish
to obtain R˜1 (s, s
′).
The ZFITTER pakage ontains just this information though as muh as the funtion is
onvoluted with the standard model in the above equations it is onvoluted to an greater
extent with the standard model in terms of the atual oding of the pakage. A dierent, more
pratial means of deonvolving the radiator funtion is required. Denoting σ (s, cb) as the ross
setion for the difermion proess ourring suh that the nal state fermion goes into the cos θ
bin in the range cos θb ≤ cos θ ≤ cos θb+1 denoted by cb we have
σ (s, cb) =
∫ s
s′
min
ds′
{
R˜1 (s, s
′)σT (s, cb) +
∫ cos θb+1
cos θb
d cos θ
∫ s
s′
min
ds′ R˜2 (s, s′, cos θ) σT (s′)
}
=
∫ s
s′
min
ds′
{
R˜1 (s, s
′)σT (s, cb) +
∫ cos θb+1
cos θb
d cos θ Non-fatorizable
} ,
where here Non-fatorizable is the same as in 3.8. The method by whih we extrat the
radiator funtion assumes that the non-fatorizable part is zero. If this assumption is true one
should get the same funtion R˜ (s, s′) regardless of what binning one uses in the equation above.
The fat that the non-fatorizable part has a omplex angular form (this an be heked by
referene to [16℄) will mean that the R˜1 (s, s
′) whih one extrats from the program ould look
very dierent depending on whih angular bin is used and, importantly, the size of the non-
fatorizable ontributions. If the non-fatorizable omponent really is small then the R˜1 (s, s
′)
whih is extrated from the program should not be a funtion of the bin used to extrat it,
(4)
Heneforth we use the word fatorizable to mean that the radiative orretions an be represented by a
radiator funtion onvoluted with the dierential ross setion dσ.
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Figure 1: The radiator funtion R˜1 (s, s
′) with s = (200 GeV)2, obtained from the ZFITTER
pakage by extrating it separately for eah angular bin for the µ+µ− nal state.
it should be at when plotted against the bin used to extrat it. The author has devised a
means of extrating a numerial version of R˜1 (s, s
′) from the ZFITTER pakage by making nite
approximations to the integral over s
′
. The resulting numerial radiator funtion is shown in
gure 1, it is, as hoped, at aross the angular region shown.
4 Struture Funtions, Leading Log Approximation.
The purpose of this setion is to add weight to the empirial observations of the last setion
by deriving the eletron struture funtion. The idea for a struture funtion for the eletron
originates from the paper of Gribov and Lipatov [11℄. In the papers of Kuraev, Fadin, Jadah
and Skrzypek [6, 9℄ the authors onsider the proess of e+e− annihilation as being a Drell-Yan
proess and exploit the perturbative nature of QED to alulate the eletron struture fun-
tion analytially using the Gribov-Lipatov Altarelli-Parisi equations. This struture funtion
approah represents a leading logarithmi approximation (LLA), this orresponds to assuming
near ollinear emission of photons from the inoming e+e−. The radiator funtion in the litera-
ture is by no means unique. The struture funtion approah / the leading log approximation,
is one way to take into aount the eets of ISR. The struture funtion approah is intuitive,
simple and it produes a ross setion to better than 0.015% [7℄(5), this alone is a good reason
to disuss it. For larity and ompleteness we review the results of Kuraev and Fadin (KF) as
well as Jadah and Skrzypek (JS) with the help of a ombination of papers [6, 7, 9, 10, 12℄.
In doing this we expliitly onrm (as noted in the introdution of [7℄) that no element of the
underlying hard sattering proess enters this desription of ISR
(6)
and hek whether or not it
may be applied to the dierential ross setion as well as the integrated ross setion.
The non-singlet struture funtion DNS (x, s) orresponds to the probability of nding an
(5)
This number is quoted in relation to the auray of the LLA around the Z0 peak at LEP1 however in LEP2
studies [13℄ the LEP1 and higher order LEP2 struture funtions have been shown to produe ross setions
agreeing to better than 0.1% for uts like those used in obtaining our non-radiative lass of events.
(6)
It had been a ause of onern that, ontrary to QCD, the perturbative, alulable nature of this struture
funtion may somehow allow for some speially proess dependent orretions to enter it, as is suggested by
the expliit angular dependene in the radiator funtions of [16℄.
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eletron with longitudinal momentum fration x `inside' the original on-shell eletron at energy
sale
√
s. The generi starting point for determining the struture funtion is Lipatov's equation
(see e.g. [2℄)
DNS (x, s) = δ (1− x) +
∫ s
m2e
ds1
s1
α (s1)
2π
∫ 1
x
dx1
x1
P (x1)D
NS
(
x
x1
, s1
)
. (4.1)
where P (z) is the regularized splitting funtion
P (x1) =
1 + x21
1− x1 − δ (1− x1)
∫ 1
0
dz
1 + z2
1− z . (4.2)
For our purposes a more useful form of the regularized splitting funtion involves introduing
a ut o at z = 1− ǫ where ǫ≪ 1 is very small
−
∫ 1
0
dz
1 + z2
1− z = limǫ→0 2
(
3
4
+ log ǫ
)
− 2ǫ+ 1
2
ǫ2. (4.3)
In this way we an dene a dierent regularized splitting funtion
P (x1) = 2δ (1− x1)
(
3
4
+ log ǫ
)
+ θ (1− ǫ− x1) 1 + x
2
1
1− x1 . (4.4)
whih is nite when integrated over in the limit ǫ→ 0. Clearly this form is the natural extension
of 4.2, in the limit ǫ→ 0 4.2 and 4.3 are idential. Heneforth we omit writing limǫ→0 and drop
all terms from our alulations whih are vanishing in the limit ǫ→ 0.
Lipatov's equation 4.1 has an obvious iterative solution, to see this it is onvenient to rst
rewrite the seond integral using
∫ 1
0
dx1dx2 δ (x− x1x2)P (x1)DNS (x2, s1) =
∫ 1
x
dx1
x1
P (x1)D
NS
(
x
x1
, s1
)
. (4.5)
In addition we approximate the running oupling onstant to a onstant α (s) = α and dene
η ≡ η (s) = 2α
π
log s
m2e
, ηi ≡ η (si) therefore
dηi =
dsi
si
2α
π
. (4.6)
With these substitutions Lipatov's equation 4.1 beomes,
DNS (x, η) = δ (1− x) + 1
4
∫ η
0
dη1
∫ 1
0
dx1dx2 δ (x− x1x2)P (x1)DNS (x2, η1) (4.7)
Substituting relation 4.6 into Lipatov's equation 4.1 and iterating it i.e. substitutingD (xi, ηi)as
dened by 4.1 bak into 4.1 we have an expansion in η;
DNS (x, η) = δ (1− x)
+ 1
4
∫ η
0 dη1
∫ 1
0 dx1dx2 δ (x− x1x2)P (x1) δ (1− x2)
+ 1
4
∫ η
0 dη1
∫ 1
0 dx1dx2 δ (x− x1x2)P (x1) 14
∫ η1
0 dη2
∫ 1
0 dx3dx4 δ (x2 − x3x4)P (x3) .....
+ O (η3)
.
(4.8)
The fat that the integrals
∫ ηi
0 dηi are nested, that is to say the upper limit of one integrand
is the dummy variable of the one preeding it, results in a sequene of exponential fators
1
i!
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multiplying the terms above. 4.7 is ondensed by simple delta funtion manipulations
DNS (x, η)
= δ (1− x)
+ 1×
(
η
4
)1
P (x)
+ 1
2
×
(
η
4
)2 ∫ 1
0 dx1dx2 δ (x− x1x2)P (x1)P (x2)
+ 1
6
×
(
η
4
)3 ∫ 1
0 dx1dx2 δ (x− x1x2)P (x1)
∫ 1
0 dx3dx4 δ (x2 − x3x4)P (x3)P (x4)
+ O (η4)
. (4.9)
Denoting the onvolution integrals above by∫ 1
0
dxidxj δ (x− xixj) f (xi) g (xj) = f (.)⊗ g (.) (x) , (4.10)
equation 4.8 beomes
DNS (x, s) = δ (1− x) +
∞∑
i=1
1
i!
(
η
4
)i
P⊗i (x) , (4.11)
where
P⊗3 (x) =
∫ 1
0
dx1dx2 δ (x− x1x2)P (x1)
∫ 1
0
dx3dx4 δ (x2 − x3x4)P (x3)P (x4) (4.12)
et.
The O (η) term is simply the regularized splitting funtion, 1
4
ηP (x). In alulating the
O (η2) term rst we alulate the theta term, we proeed essentially in an idential way to that
in whih we alulated the regularized splitting funtion. We alulate a regularized version of
this term by taking x to be less than a ut o x < 1− ǫ.
θ (1− x− ǫ) ∫ 10 dx1dx2 δ (x− x1x2)P (x1)P (x2)
= θ (1− x− ǫ) 4
(
3
4
+ log ǫ
)2 ∫ 1
0 dx1dx2 δ (x− x1x2) δ (1− x1) δ (1− x2)
+ θ (1− x− ǫ) 2
(
3
4
+ log ǫ
) ∫ 1−ǫ
0 dx1
∫ 1
0 dx2 δ (x− x1x2) δ (1− x2) 1+x
2
1
1−x1
+ θ (1− x− ǫ) 2
(
3
4
+ log ǫ
) ∫ 1
0 dx1
∫ 1−ǫ
0 dx2 δ (x− x1x2) δ (1− x1) 1+x
2
2
1−x2
+ θ (1− x− ǫ) ∫ 10 dx1 ∫ 10 dx2δ (x− x1x2) θ (1− ǫ− x1) θ (1− ǫ− x2) 1+x211−x1 1+x221−x2
(4.13)
The rst term is zero due to the ut o we impose on x, the other terms are also straightforward
to evaluate. As stated earlier small terms O (ǫ) and above, vanishing in the limit ǫ → 0, are
dropped. The total theta term obtained with the ut o x < 1− ǫ is
θ (1− ǫ− x) ∫ 10 dx1dx2 δ (x− x1x2)P (x1)P (x2)
= θ (1− x− ǫ) 2
(
1+x2
1−x
(
2 log (1− x)− log x+ 3
2
)
+ 1
2
(1 + x) log x− 1 + x
)
(4.14)
The delta term, analogous to the delta funtion term in the regularized splitting funtion 4.4,
soaks up the divergent part of the term above arising from the limit x→ 1 (ǫ→ 0)
− limǫ→0
∫ 1−ǫ
0 dx 2
(
1+x2
1−x
(
2 log (1− x)− log x+ 3
2
)
+ 1
2
(1 + x) log x− 1 + x
)
= 4
((
3
4
+ log ǫ
)2 − ζ (2)) . (4.15)
Finally the full regularized O (η2) term is
1
2
(
η
4
)2 ∫ 1
0 dx1dx2 δ (x− x1x2)P (x1)P (x2)
=
(
η
4
)2
δ (1− x)
(
2
(
3
4
+ log ǫ
)2 − 2ζ (2))
+
(
η
4
)2
θ (1− x− ǫ)
(
1+x2
1−x
(
2 log (1− x)− log x+ 3
2
)
+ 1
2
(1 + x) log x− 1 + x
) . (4.16)
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The third order term, O (η3), is simply
1
6
(
β
4
)3 ∫ 1
0
dx1dx2 δ (x− x1x2)P (x1)
∫ 1
0
dx3dx4 δ (x2 − x3x4)P (x3)P (x4) . (4.17)
Clearly the
∫ 1
0 dx3dx4 part of this term is given by simply substituting in the O (η2) term with
the replaement, x → x2. Noting this simpliation the resulting alulation is signiantly
simplied and a long but straightforward sequene of integrations gives the O (η3) theta and
delta terms
(7)
of [6℄.
The Lipatov equation an also be solved analytially in the soft limit x→ 0 by means of a
Mellin transformation. The Mellin transform is dened as,
D˜NS(z) (η) =
∫ 1
0
dx xz−1DNS (x, η) (4.18)
for whih the inverse is,
DNS (x, η) =
1
2πi
∫ c+i∞
c−i∞
dz x−zD˜(z) (η) . (4.19)
The transform exists if
∫ 1
0 dx x
z−1
∣∣∣DNS (x, η)∣∣∣ is bounded for some z > 0 in whih ase the
inverse exists for c > z.
Taking the Mellin transform of Lipatov's equation (4.7) gives
D˜NS(z) (η) = 1 +
1
4
∫ η
0
dη1P˜
(z)D˜NS(z) (η1) (4.20)
Dierentiating the above with respet to η gives,
d
dη
D˜NS(z) (η) =
1
4
P˜ (z)D˜NS(z) (η) . (4.21)
Integrating this equation one nds a simple expression for the Mellin moments of the struture
funtion in terms of those of the splitting funtion
D˜NS(z) (η) = exp
(
1
4
ηP˜ (z)
)
(4.22)
where we have used as an initial ondition D˜NS(z) (m2e) = 1. The Mellin moments for the
splitting funtion P˜ (z) are
P˜ (z) = 2
(
3
4
+ log ǫ
)
−
∫ 1−ǫ
0
dx
1− xz−1
1− x +
1− xz+1
1− x −
2
1− x (4.23)
Using the Taylor expansion
xz
1−x =
∑∞
n=z x
n
the integral in 4.23 is trivial, as before we drop terms
vanishing in the limit ǫ→ 0. With a little manipulation of the summations P˜ (z) beomes,
P˜ (z) = 2
(
3
4
+ log ǫ
)
+
∫ 1−ǫ
0 dx x
z−1 + xz + 2
1−x − 2
∑z
n=0 x
n
= −∑z+1n=3 1n −∑z−1n=1 1n . (4.24)
It is worth pointing out that in dropping the terms vanishing in the limit ǫ → 0 the ut o ǫ
has now disappeared altogether from the alulation. The Euler funtion is dened as
ψ (x) =
d
dx
log Γ (x) (4.25)
(7)
The following dilogarithm identity is required, Li2 (x) =
pi
2
6
− log (x) log (1− x) − Li2 (1− x) to obtain the
term in the form of [6℄.
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hene,
ψ (x+ 1)− ψ (x) = 1
x
(4.26)
(Γ (x) is the Gamma funtion). In terms of the Euler funtion,
P˜ (z) = −ψ (z + 2)− ψ (z) + ψ (3) + ψ (1) . (4.27)
Using the identity 4.26 again and expanding Γ (x) around x = 1 we nd
P˜ (z) = −ψ (z + 2)− ψ (z) + 3
2
− 2γ. (4.28)
Finally, substituting 4.28 into 4.22, we have an expliit expression for the struture funtion in
terms of its Mellin transform (4.19)
DNS (x, η) =
1
2πi
exp
(
1
2
η
(
3
4
− γ
)) ∫ c+i∞
c−i∞
dz x−z exp
(
1
4
η (−ψ (z + 2)− ψ (z))
)
. (4.29)
An analyti expression for the integral above is not known. The integral may be performed in
the soft limit x → 1, this is known as the Gribov approximation. The fator x−z shows that
the integral is dominated by large values of z. The Euler Gamma funtion is dened,
Γ (z) = (z − 1)! (4.30)
in the large z limit one an approximate the fatorial operation by Stirling's formula n! ≈√
2πzz+
1
2 exp (−z). In the large z limit we have ψ (z) ≈ log z
⇒ DNS (x, η) = 1
2πi
exp
(
1
2
η
(
3
4
− γ
))∫ c+i∞
c−i∞
dz x−zz−
1
2
η. (4.31)
By substituting y = z log x,
DNS (x, η) =
1
2πi
exp
(
1
2
η
(
3
4
− γ
))
(log x)
1
2
η−1
∫ c′−i∞
c′+i∞
dy y−
1
2
η exp (−y) . (4.32)
After the transformation the limits have hanged c + i∞ → c log x + i∞ log x = c′ − i∞.
Importantly c′ is negative as log x < 0 and c > z > 0 is required for the Mellin transform to
exist. The integrand has two obvious singularities, one at y = 0 and another at Re (y)→ −∞
(Re (z)→∞). For |y| → ∞ and Re (y) 6= −∞ the integrand is zero, this being the ase we
an lose the integration ontour by joining up the two ends at c′ + i∞ and c′ − i∞ suh that
it beomes a hemisphere of radius |y| = ∞ in the Re (y) > c′ region of the omplex y−plane,
as the integrand is zero along this addition to the ontour. Given the ontour is losed in the
omplex plane we an deform it as we please so long has we keep all poles inside it as its value
is given by 2πi times the residue at the pole, in this ase the only pole is at y = 0. The Hankel
ontour CH in the omplex plane is an open ontour whih omes in along just under the real
axis from +∞ goes around the origin and bak out to −∞ just above the real axis. We an
learly deform our ontour to Hankel's ontour as it ontains the origin and no other poles and
beause our integrand is zero at |y| = ∞ and Re (y) 6= −∞ we an open the ontour again at
|y| =∞ making it exatly the Hankel ontour. The integral an then be brought into the form
of Hankel's integral representation of the Gamma funtion
Γ
(
1
2
η
)−1
= − 1
2πi
∫
CH
dy (−y)− 12η exp (−y) . (4.33)
10
Inserting 1 = (−1)− 12η (−1)+ 12η−1 (−1)+1 and 4.33 into 4.32 gives
DNSGribov (x, η) = exp
(
1
2
η
(
3
4
− γ
))
(1− x) 12η−1
Γ
(
1
2
η
) . (4.34)
(we have used limx→1− log (x) = limx→1 1− x).
The result of the Gribov approximation onstitutes the perturbative result derived earlier
extended to all orders with the aveat that it is only valid for the limit x → 1. To quote
Gribov and Lipatov [10℄ the approximation above an be onsidered as a generalization of
the Sudakov form fator. The perturbative struture funtion alulated earlier has no suh
onstraint on it but is nonetheless a nite order perturbative result. Ideally one wants a single
expression for the struture funtion whih tends to the Gribov result at in the soft limit and
to the perturbative result away from x→ 1, the desired expression will interpolate between the
perturbative struture funtion and the Gribov approximation. Suh interpolation onstitutes
what is known as exponentiation. Integrating 4.34 over the soft phase spae gives,
∫ 1
1−ǫ
dx DNSGribov (x, η) = exp
(
1
2
η
(
3
4
− γ
))
ǫ
1
2
η
Γ
(
1 + 1
2
η
) . (4.35)
We denote this DNSSoft (ǫ, η) and rewrite the ǫ term exp
(
1
2
log ǫ
)
,
DNSSoft (ǫ, η) =
exp
(
−1
2
ηγ
)
Γ
(
1 + 1
2
η
) exp(1
2
η
(
3
4
+ log ǫ
))
. (4.36)
The soft part of the struture funtion DNSSoft (ǫ, η) gives an expansion in powers of η with
oeients exatly the same as the oeients of η in the delta term obtained earlier by
iterating the Lipatov equation, so justifying the earlier quote of Gribov and Lipatov. We have
heked this expliitly to O (β3). Had we alulated the O (β4) delta term with Lipatov's
equation we would see its oeient is the same as the oeient of the O (β4) term in the
expansion ofDNSSoft (ǫ, η). In the perturbative solution the delta terms give the struture funtion
in the 1 − ǫ < x ≤ 1 region. If we were to integrate the delta terms over 1 − ǫ < x ≤ 1 and
expand in η we would get the same result as we would just expanding DNSSoft (ǫ, η) up to the
same power in η. Denoting the delta term in the perturbative expansion alulated to O (ηi)
as δ (1− x)∆(i) (ǫ, η) we have,∫ 1
1−ǫ
dx δ (1− x)∆(i) (ǫ, η)−
∫ 1
1−ǫ
dx DNSGribov (x, η) ∼ O
(
ηi+1
)
(4.37)
this suggests that we modify the struture funtion by hand to inlude higher order soft eets
by replaing the delta term altogether with DNSGribov (x, η),
δ (1− x)∆(i) (ǫ, η)→ DNSGribov (x, η) . (4.38)
How does this aet the theta term et? With this replaement we an safely take the already
implied limit ǫ→ 0, the theta funtion for the theta term is then replaed by 1. Then the most
obvious thing to do is to demand that, up to the same order in η, the new struture funtion
is the same as the old purely perturbative one was in the region 0 < x < 1 − ǫ and not are
about the terms that are higher order in η. Expanding in η we have
DNSGribov (x, η) =
2
1−x
(
η
4
)1
+ 3+4 log(1−x)
1−x
(
η
4
)2
+
9
4
− 3
4
π2+6 log(1−x)+4 log2(1−x)
1−x
(
η
4
)3
+ O (η4)
. (4.39)
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Reall that the Gribov solution is valid in the large x limit. The perturbative solution obtained
order by order in η by iterating solutions through Lipatov's equation requires no suh approxi-
mation. Consequently one expets that the perturbative solution and the Gribov approximation
should agree in the limit x → 1. This is indeed the ase, it is easy to verify that the x → 1
limit of the theta terms obtained in the perturbative ase are equal to those obtained in the
non-perturbative ase. If we denote the ith order in η of a quantity by appending supersript
(i) to it we an dene an improved struture funtion
D′NS(i) (x, η) =


D
NS(i)
Gribov (x, η) +
(
DNS(i) (x, η)
∣∣∣
θ−term −D
NS(i)
Gribov (x, η)
)
0 < i ≤ 3
D
NS(i)
Gribov (x, η) i > 3
(4.40)
i.e.
D′NS (x, η) = DNSGribov (x, η) +
3∑
i=0
(
DNS(i) (x, η)
∣∣∣
θ−term −D
NS(i)
Gribov (x, η)
)
. (4.41)
This is the exponentiation presription of Kuraev and Fadin [9℄. The ondition on i relates to
the order to whih the perturbative solution was found, in our ase 3. Applying presription
4.40 to the perturbative theta terms obtained so far is trivial albeit tedious subtration, we
nd agreement with the results in [6, 7℄. It is of note that the integral of this funtion over the
range 1 − ǫ → ǫ is nite in the limit ǫ → 0. The integral is nite beause, as stated above, in
the divergent x→ 1 limit the theta terms are equal to the orresponding Gribov terms inside
the summation, in addition the integral over the all orders Gribov approximation to the left of
the sum is nite (see equation 4.36).
An alternative exponentiation presription is that of Jadah and Ward alled YFS exponen-
tiation. Here the only dierene is that the Gribov term is extrated from the iterative solution
as a fator rather than subtrated as in the Kuraev Fadin exponentiation viz
D′NS(i) (x, η) =
{ ∑
j+k=iD
NS(j)
Gribov (x, η)∆
(k) (x, η) 0 < i ≤ 3
D
NS(i)
Gribov (x, η)∆
(k) (x, η) i > 3
, (4.42)
where ∆(k) (x, η) is dened by
DNS(i) (x, η)
∣∣∣
θ−term =
∑
j+k=i
D
NS(j)
Gribov (x, η)∆
(k) (x, η) (1 ≤ j + k ≤ 3, 0 ≤ k ≤ 2) . (4.43)
This is a system of linear equations that is easily solved for the ∆(k) (x, η),
∆(0) (x, η) =
DNS(1)(x,η)|
θ−term
D
NS(1)
Gribov
(x,η)
∆(1) (x, η) =
DNS(2)(x,η)|
θ−term
D
NS(1)
Gribov
(x,η)
− D
NS(2)
Gribov
(x,η)
D
NS(1)
Gribov
(x,η)
∆(0) (x, η)
∆(2) (x, η) =
DNS(3)(x,η)|
θ−term
D
NS(1)
Gribov
(x,η)
− D
NS(3)
Gribov
(x,η)
D
NS(1)
Gribov
(x,η)
∆(0) (x, η)− D
NS(2)
Gribov
(x,η)
D
NS(1)
Gribov
(x,η)
∆(1) (x, η)
(4.44)
giving
D′NS (x, η)
= DNSGribov (x, η)×
(
1
2
(1 + x)2 + 1
16
(
−2 (1− x)2 − (1 + 3x2) log x
)
η
+ 1
384
(
12 (1− x)2 + (6 (1− 4x+ 3x2) + (1 + 7x2) log x) log x− 12 (1− x)2 Li2 (1− x)
)
η2
) .
(4.45)
This is the result given in [6, 7℄.
To summarize, we have re-derived in this setion again the struture funtions of Kuraev
and Fadin 4.40 and Jadah and Skrzypek. At no point is the underlying hard sattering proess
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Figure 2: The plot above shows the radiator funtions R˜1 (s, s
′) with s = (200 GeV)2, obtained
from the ZFITTER pakage by extrating it separately for eah angular bin just as in gure 1
but this time inluding initial state-nal state interferene eets.
referred to, with this approah folding the radiator funtion with New Physis is just as valid
as folding it with the standard model. In addition, within the ontext of Lipatov's equation
(i.e. for the ase of near ollinear emission of radiation) the alulations suggest that the
fatorization of the orretions holds at the level of the dierential ross setion not just the
total ross setion. We are seeing this eet in the atness of the radiator funtions we have
derived in gure 1. In fat the third order Kuraev-Fadin struture funtion 4.40 is folded with
itself 3.5 and present within ZFITTER as the default setting for the ag higher FOT2 whih
governs the implementation of higher order radiative orretions. Cruially at this level of
approximation the hard sattering interation is not referred to, this is learly good news for
ts to new physis. Approximations are made in the leading log approximations e.g. the nite
order perturbative result nevertheless they have been found to agree very well (KF better than
0.2%, YFS better than ~0.01%) with exat numerial solutions of the Lipatov equation. This
would seem to vindiate the use of ISR orretions, the numerial radiator funtion, derived
from ZFITTER and other suh pakages.
5 The Breakdown of the Simple LLA Struture Funtion
Approah.
In general the standard model preditions obtained from ZFITTER and the other standard model
difermion pakages allow many more sophistiated radiative orretions to be applied to the
proess in question besides just ISR. In partiular initial state-nal state interferene (ISR*FSR)
eets orresponding to interferene between diagrams with bremsstrahlung emitted from initial
state partiles and diagrams with bremsstrahlung emitted from nal state partiles, as well as
box diagrams resulting from emission and re-absorption of photons, have a signiant (~10%)
eet at the level of the dierential ross setion despite having only a negligible (<1%) eet
on the total ross setion. The radiator funtions derived from ZFITTER with these orretions
inluded are shown in gure 2 where they have aquired a signiant angular dependene that
was not seen in gure 1.
This angular dependene would seem to ruin the argument put forward in 3, whih says that
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these orretions should be independent of the polar angle if in fat they are independent of the
hard physis proess. It also highlights the weak point in the leading log approximation, the
leading log approximation starts to break down for exlusive observables i.e. highly dierential
quantities and measurements obtained with strong uts [6℄. ISR*FSR interferene orretions
learly fall outside the mandate of the struture funtion / leading log approah whih desribes
ISR eets so well.
In fat the ross setion obtained with angular uts requires two radiator funtions. The cos θ
symmetri and cos θ asymmetri parts of the tree level ross setion are onvoluted separately
with dierent radiator funtions and the result added [18, 19, 16℄. The ross setion in an
angular bin i with edges at c = cos θ = ci, ci+1 σi (s, ci, ci+1) is
σ (s, ci, ci+1) =
∫ ci+1
ci
dc
dσ
dc
. (5.1)
Dening the symmetri and asymmetri ross setions σT (s,−ci, ci) and σFB (s,−ci, ci) respe-
tively in the region −ci < c ≤ ci as
σT (s,−ci, ci) = 12
[∫ ci
0 dc
dσ
dc
+
∫ 0
−ci dc
dσ
dc
]
σFB (s,−ci, ci) = 12
[∫ ci
0 dc
dσ
d
− ∫ 0−ci dc dσdc
] , (5.2)
the ross setion in the angular bin is
σ (s, ci, ci+1) = σT (s,−ci+1, ci+1)+σFB (s,−ci+1, ci+1)−σT (s,−ci, ci)−σFB (s,−ci, ci) . (5.3)
In terms of a ross setion orreted for radiative eets we have
σT (s,−ci, ci) =
∫ s
s′
min
ds′ RT (s, s′, ci)σTree (s′)
σFB (s,−ci, ci) =
∫ s
s′
min
ds′ RFB (s, s′, ci) σTree (s′)
. (5.4)
So far we have assumed
RT (s, s
′, ci) = RFB (s, s′, ci) , (5.5)
and that to good approximation (3.8),
σ (s, ci, ci+1) =
∫ s
s′
min
ds′ R˜1 (s, s
′) σTree (s
′, ci, ci+1) (5.6)
where, realling setion 3, R˜ (s, s′) is a universally appliable radiator funtion. Aording to
Bardin et al [19℄ Stritly speaking an ansatz like 5.5 is wrong. In [19℄ the authors go on to
say that near the Z peak the ansatz 5.5 nonetheless gives exellent agreement with the orret
result. The authors say that this eet is due to the dominant orretions being from soft
photons. They go on to say that if an s′ ut is in use the agreement is even better. We appeal
to this soft photon dominane ansatz due to the restritive s′ uts used in obtaining samples
to t with,
√
s′ ≥ 0.85√s, the degree to whih it holds is born out by the atness in cos θ of
the orretions we derived, R˜ (s, s′) in gure 1. If the orretions were signiantly dierent for
the cos θ symmetri and asymmetri parts of the dierential ross setion R˜ (s, s′)would not be
at in cos θ as we essentially are just dividing the orreted ross setion in eah angular bin
by the born ross setion in eah angular bin, bin by bin in s′, the born ross setion ould not
possibly fator out. Prior to onsidering initial state-nal state interferene eets there seems
to be nothing wrong in using the same radiator funtion for c even and c odd parts of the ross
setion, the struture funtions we derived desribe the radiator funtion very well.
As you an see in gure 2 the addition of initial state-nal state interferene eets seem
to ruin all our previous hypotheses. Ideally one would hope that just beause the radiative
orretions have aquired this angular dependene they are still nonetheless essentially universal
like the other (ISR) orretions or at least largely proess independent in our phase spae. Given
that we are dealing with box diagrams suh fatorization seems like wishful thinking.
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Figure 3: ISR*FSR terms in the ross setion originate from diagrams with photons emitted
from the initial legs and nal state legs interfering.
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Figure 4: In addition to the bremsstrahlung diagrams in gure 3, at the same order in α,
ISR*FSR terms in the ross setion also originate from diagrams with photons box diagrams
interfering with the lowest order diagram.
6 ISR*FSR Universality.
In this setion we desribe how the ISR*FSR interferene orretions, despite giving the naive
radiator funtion an important angular dependene, is nonetheless mostly a universal orre-
tion. The ISR*FSR interferene orretions for some underlying hard sattering involving the
exhange of an unknown partile (???) may be represented at O (α3) by the Feynman diagrams
in gures 3 and 4.
In subsetions 6.1 and 6.2 we will use the Feynman rules of [2℄ and the kinemati notations
of appendix A. In these subsetions we will try to maintain an expliit notation. The matrix
elements of the two fermion events under disussion at this order have four fermions and
hene four spinors in them, ν¯e (p+) , ue (p−) represent the inoming e+ and e−, νf (q+) , u¯f (q−)
represent the outgoing antifermion and fermion respetively. Given that we are trying to disuss
radiative orretions in suh a way as to nd and highlight any universal features of them it
will therefore be useful to denote the born level proess generially as
ABorn = ν¯e (p+) ...Hard...νf (q+) (6.1)
where ...Hard... is dened to ontain the eletron and fermion spinors and more importantly, the
propagator of the exhanged partile and its ouplings to the inoming and outgoing partiles
(see also equation 6.3). For example in the ase of QED we have simply
...Hard... = iQeeγ
µue (p−)
−igµν
(p− + p+)
2 u¯f (q−) iQfeγ
ν . (6.2)
6.1 O (α3) Soft Bremsstrahlung.
The ontribution of soft bremsstrahlung orretions to 2-fermion proesses are greatly impor-
tant. By soft bremsstrahlung we mean bremsstrahlung whih arries o an amount of energy
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Figure 5: Some O (α3) bremsstrahlung orretion diagrams.
smaller than the energy resolution of the detetor, soft photons arry o a negligible amount
of energy. Given that the detetor annot therefore tell the dierene between a genuine O (α)
proess and an O (α3) soft bremsstrahlung orretion to it, we must add suh ontributions to
our predited ross setion. The amplitude for a general difermion proess with bremsstrahlung
emitted from the external positron leg of the diagram (gure 5) will be of the form
ABrem = ǫ∗λ (k) ν¯e (p+)
{
iQeeγ
λ i (− ( 6 p+− 6 k) +me)
(p+ − k)2 −m2e
}
...Hard...νf (q+) , (6.3)
with Qe = −1 for an eletron (generally Qf is the harge on the fermion/antifermion f in units
of e). If we now work in the limit that |k| → 0, s′ → s, the soft photon approximation, we see
that
ASoft = −Qeeǫ∗λ (k) ν¯e (p+) γλ
6 p+ −m
2k.p+
...Hard...νf (q+) . (6.4)
Simple γ matrix manipulation and the appliation of the Dira equation to 6.4 gives
Asoft = − 12k.p+Qeeǫ∗λ (k) ν¯e (p+)
(
2pλ+
)
...Hard...νf (q+)
= −Qee ǫ∗.p+k.p+ Aborn
. (6.5)
From this we see that in the soft photon approximation the bremsstrahlung orretions to
the born level proess are independent of what that born proess is, we have extrated the
bremsstrahlung orretion as an over all onstant fator while staying blissfully ignorant of
the underlying proess. Hopefully it is lear that these triks an be employed with the other
external legs in onsidering bremsstrahlung emitted from them in the soft photon approximation
giving for bremsstrahlung emitted from the ith external leg of the diagram
A(i)Soft = −Qie
ǫ∗.pi
k.pi
ABorn (6.6)
where pi denotes the momentum of the external leg. Consequently, taking into aount the
bremsstrahlung emitted from all dierent legs we nd the matrix element
A†SoftASoft =
∑
i,j
QiQje
2 (ǫ.pi) (ǫ
∗.pj)
(k.pi) (k.pj)
A†BornABorn. (6.7)
Summing fermion spins and polarizations of the photon
(∑
pols ǫ
µǫ∗ν = −gµν
)
and inserting the
phase spae and ux fators fators gives in the k ≈ 0 soft photon approximation
dσ = − α
4π2
∑
i,j
QiQjpi.pj
d3k
k0
1
(k.pi) (k.pj)
dσBorn. (6.8)
The soft photon ross setion is the ontribution to the ross setion from soft photons where soft
photons were dened earlier as being those low enough in energy to render the bremsstrahlung
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proess indistinguishable from the tree level proess, we denote this energy ω, the soft photon
ut-o . Integrating over the nal state phase spae of the soft photon we have
dσSoft = −α
π
∑
i,j
QiQjpi.pj

 1
4π
∫
|~k|<ω
d3~k
k0
1
(k.pi) (k.pj)


dσBorn. (6.9)
Note that this dierential ross setion ontains ontributions from pairs of diagrams whih
onstitute initial state-nal state interferene. This would appear to be the desired result,
the radiative orretions are fatorized from the hard sattering proess at the level of the
dierential ross setion.
On its own the result 6.9 arguably does not make muh sense as the phase spae integral
1
4π
∫
|~k|<ω
d3~k
k0
1
(k.pi) (k.pj)
(6.10)
is infrared divergent, as k → 0 dσ →∞. The infrared divergene of the ISR*FSR bremsstrahlung
ontribution atually anels an infrared divergene from the ISR*FSR box diagrams. The
phase spae integral must be expressed in a form whereby we an add the bremsstrahlung and
box ontributions to anel the divergenes before we an fully assess the universality of the
ISR*FSR interferene. We have treated the divergene with dimensional regularization. We
replae all four dimensional dependene with the usual presription 4→ n = 4 + ǫ′
1
4π
∫
|~k|<ω
d3~k
k0
1
(k.pi) (k.pj)
→ 1
4π
µN
∫
|~k|<ω
dn−1~k
k0
1
(k.pi) (k.pj)
. (6.11)
The fator µN is introdued to keep the overall mass dimensions of the integral the same as
they were before extending to N dimensions. µN has mass dimensions
[
µN
]
= N i.e. N = −ǫ′
i.e. 6.11 is
1
4π
(
1
µ
)ǫ′ ∫
|~k|<ω
dǫ
′+3~k
k0
1
(k.pi) (k.pj)
. (6.12)
This photon phase spae integral is tehnial and not so illuminating for our present disussion
so we shall onne it to appendix B. After ompleting the integral the ontribution to the
dierential ross setion from O (α3) soft bremsstrahlung diagrams is found to be
dσSoft,Int =
2α
π
[(
1
ǫˆ
+ log
(
4ω2
µ2
))
log
(
t
u
)
− Li2
(
1 +
s
t
)
+ Li2
(
1 +
s
u
)]
dσBorn. (6.13)
This is the universal soft photon bremsstrahlung orretion to the dierential ross setion
from ISR*FSR interferene. Left as it is above, the orretion to the dierential ross setion
is infrared divergent, there are terms O (ǫ′−1) and the limit ǫ′ → 0 must be taken to return to
four dimensional Minkowski spae. For our purposes the essential feature of this result is that
the radiative orretion is fatorized from / independent of the new physis exhange proess.
6.2 O (α3) Virtual Diagrams.
The infrared divergenes
(
1
ǫˆ
)
in the soft bremsstrahlung result are well known to be physial ,
that is to say that they are a real part of the theory as opposed to the ultraviolet divergenes en-
ountered in renormalization whih are a onsequene of our ignorane of short distane physis,
likewise the infrared divergenes annot be subtrated ad ho. The infrared divergenes due
to the emission of soft photons do however anel against the orresponding virtual diagrams,
it is a well known fat that the soft photon ontribution to the ross setion from initial state
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Figure 6: The box diagrams ontributing to the ISR*FSR interferene ross setion. On the left
hand side we have diret box diagrams, from top to bottom these are represented by amplitudes
AD1 and AD2 respetively. On the right hand side we have rossed box diagrams, from top to
bottom these are represented by amplitudes AC1 and AC2 respetively.
bremsstrahlung anels against a orresponding infrared divergene from the orresponding
vertex diagram whih involves emitting a photon from one initial state leg and absorbing it
on the other. Likewise the initial state-nal state interferene ross setion arising from the
interferene of initial and nal state bremsstrahlung diagrams does not make muh sense on
its own, it must be added to the orresponding virtual graph. The virtual graph for ISR*FSR
bremsstrahlung is by analogy to the ase of initial state bremsstrahlung the one formed by
taking the photon emitted from an initial state fermion and joining it to a nal state fermion.
This gives the two diagrams of gure 6.
At O (α3) these diagrams only ontribute by their interferene with the tree level (hard) proess.
Unlike the soft bremsstrahlung orretions the ISR*FSR box diagrams do not simply represent
multipliative orretions to the born level amplitude. These diagrams were studied in the
the hope that, though they do not fall under the banner of universal radiative orretions,
they may have some omponent whih is universal. It is quite easy to show that the box
diagrams have universal, fatorizable orretions. The triks previously applied to the soft
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bremsstrahlung diagrams also work, to some degree, with box diagrams (provided there is an
internal photon). Let us write down the amplitude for the rst diret box diagram in gure
6, were we feign ignorane of the ouplings and propagator of the X0 boson(8). We denote
the ouplings assoiated of X0 some partile A as CA and propagator ontributions to the
numerator as PX0 . We assume the denominator of the propagator is the usual (k2 −m2X) form
(for an X0 partile four momentum k and mass mX). The ouplings an be onsidered to
have Dira and Lorentz indies, the Dira indies are ontrated with the rest of the Dira
algebra in the numerator and the Lorentz indies are ontrated with those in PX0 . With these
notations PX0 ...Ceu (p−) u¯ (p+) Cf .../ (s2 −m2X) orresponds to ...Hard... in the ase of the soft
bremsstrahlung. Finally we shall assume the interation is harge onjugation invariant i.e.
CA = −CA¯. The amplitudes for the diagrams in gure 6 are then
AD1 = −ie2
∫ d4k
(2π)4
PX0 ν¯(p+)γ
µ(−6k−6p++me)Ce−u(p−)u¯(q−)Cf(−6k−6q++mf)γµν(q+)
k2(k2+2k.p+)(k2+2k.q+)(k2+s+2k.(p++p−)−m2X)
AD2 = −ie2
∫ d4k
(2π)4
PX0 ν¯(p+)Ce+ ( 6k+ 6p−+me)γ
µu(p−)u¯(q−)γµ( 6k+ 6q−+mf)Cf¯ ν(q+)
k2(k2+2k.p−)(k2+2k.q−)(k2+s+2k.(p++p−)−m2X)
AC1 = +ie2
∫ d4k
(2π)4
PX0 ν¯(p+)Ce+ (6k+ 6p−+me)γ
µu(p−)u¯(q−)Cf(−6k−6q++mf)γµν(q+)
k2(k2+2k.p−)(k2+2k.q+)(k2+s+2k.(p++p−)−m2X)
AC2 = +ie2
∫ d4k
(2π)4
PX0 ν¯(p+)γ
µ(−6k−6p++me)Ce−u(p−)u¯(q−)γµ( 6k+ 6q−+mf)Cf¯ν(q+)
k2(k2+2k.p+)(k2+2k.q−)(k2+s+2k.(p++p−)−m2X)
, (6.14)
where we have dened the loop momentum in eah ase suh that it ows ounter-lokwise
with the X0 propagator arrying momentum k+p++p−i.e. the propagator is the same in eah
diagram. We have dened the loop momentum k suh that in eah diagram it is the photon
four momentum owing into the inoming antifermion line. Firstly ondense the numerator as
muh as possible. The 6 p terms in the numerator may be quikly got rid of by antiommuting
them so that the on-shell Dira equation may be used. Considering the left hand side of the
numerator of AD1
ν¯ (p+) γ
µ (−6 k − 6 p+ +me) ...
= eν¯ (p+) (−γµ 6 k + 2pµ+) ... . (6.15)
Using the same tehniques on the right hand side of the various numerators the amplitude an
be simplied to
AD1 = −ie2
∫ d4k
(2π)4
PX0 ν¯(p+)(γ
µ 6k+2pµ+)Ce−u(p−)u¯(q−)Cf (6kγµ+2q+µ)ν(q+)
k2(k2+2k.p+)(k2+2k.q+)(k2+s+2k.(p++p−)−m2X)
AD1 = −ie2
∫ d4k
(2π)4
PX0 ν¯(p+)Ce−( 6kγ
µ+2pµ
−)u(p−)u¯(q−)(γµ 6k+2q−µ)Cfν(q+)
k2(k2+2k.p−)(k2+2k.q−)(k2+s+2k.(p++p−)−m2X)
AC1 = +ie2
∫ d4k
(2π)4
PX0 ν¯(p+)Ce−(6kγ
µ+2pµ
−)u(p−)u¯(q−)Cf ( 6kγµ+2q+µ)ν(q+)
k2(k2+2k.p−)(k2+2k.q+)(k2+s+2k.(p++p−)−m2X)
AC2 = +ie2
∫ d4k
(2π)4
PX0 ν¯(p+)(γ
µ 6k+2pµ+)Ce−u(p−)u¯(q−)(γµ 6k+2q−µ)Cfν(q+)
k2(k2+2k.p+)(k2+2k.q−)(k2+s+2k.(p++p−)−m2X)
. (6.16)
Assuming that the ouplings
(
Ce/f
)
and numerator of the X0 propagator PX0 do not depend
on the loop momentum we an deompose the amplitudes into tensor (Tαβ), vetor (Vα) and
salar (S) loop integrals aording to the number of powers of k in the numerator
AD1 = −ie2ν¯ (p+) γµγα...γβγµν (q+)× Tαβ
−ie2ν¯ (p+) (γµγα...2q+µ + 2pµ+...γαγµ) ν (q+)× Vα
−4ie2 (p+.q+) ν¯ (p+) ...ν (q+)× S
, (6.17)
(8)
For now let us assume that X0 has the generi 1
k2
high energy boson behavior i.e. the diagram is UV nite.
We disuss this point more later.
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where
Tαβ =
∫ d4k
(2π)4
kαkβ
k2((k+p+)2−m2e)((k+q+)2−m2f)((k+p++p−)2−m2X)
Vα =
∫ d4k
(2π)4
kα
k2((k+p+)2−m2e)((k+q+)2−m2f)((k+p++p−)2−m2X)
S =
∫ d4k
(2π)4
1
k2((k+p+)2−m2e)((k+q+)2−m2f)((k+p++p−)2−m2X)
(6.18)
and Ce−u (p−) u¯ (q−) Cf has been replaed with ... for brevity. We an see that the salar
term in the amplitude of 6.17 is a fator multiplied by the born sattering amplitude of the
X0partile
2it×e2×S×
(
s−m2X
)
×
(
ν¯ (p+) Ce−u (p−) u¯ (q−) Cfν (q+)
s−m2X
)
= 2it×e2×S×
(
s−m2X
)
×ABorn.
(6.19)
The numerator algebra has given a universal
(9)
fator whih multiplies the tree level numerator
algebra 4 (p+.q+) = −2t however the same is not true of the denominator. The fator S ×
(s−m2X) depends on the underlying hard sattering proess through the dependene of S on
mX , the mass of the exhanged partile. Using the on mass shell relations we an rewrite the
denominator of the integrals in the |k| → 0 limit as
lim|k|→0 1k2((k+p+)2−m2e)((k+q+)2−m2f)((k+p++p−)2−m2X)
= 1
k2(2k.p+)(2k.q+)(s−m2X)
. (6.20)
By trivially ounting powers of |k| we see that in limit |k| → 0 the tensor integral goes as∫
d |k| |k|, the vetor integral goes as ∫ d |k| and the salar integral as ∫ d |k| |k|−1. Consequently
the salar integral is infrared divergent and the other integrals are infrared nite. Simple
power ounting also shows that all of the integrals are nite in the ultraviolet limit |k| → ∞.
Expanding the last braket in the denominator we an write,
S =
∫ d4k
(2π)4
1
k2
(
(k + p+)
2 −m2e
) (
(k + q+)
2 −m2f
)
(k2 + s+ 2k. (p+ + p−)−m2X)
. (6.21)
In the infrared divergent |k| → 0 limit we an rewrite the last part of the denominator(
k2 + s+ 2k. (p+ + p−)−m2X
)
=
(
s−m2X
)
, (6.22)
therefore the radiative orretion fator in the salar integral term
2it× e2 × S ×
(
s−m2X
)
, (6.23)
has a divergent piee whih is universal beause the onstant fator (s−m2X) in 6.23 anels
that whih appears in the divergent limit of 6.21. We an perhaps express this result in a better
way writing
(s−m2X)
(k2 + 2k. (p+ + p−) + s−m2X)
= 1− k
2 + 2k. (p+ + p−)
(k2 + 2k. (p+ + p−) + s−m2X)
, (6.24)
whih makes the salar integral term equal to
2it× e2 × S × (s−m2X) =
∫ d4k
(2π)4
2it×e2
k2((k+p+)2−m2e)((k+q+)2−m2f)
− ∫ d4k
(2π)4
2it×e2×(k2+2k.(p++p−))
k2((k+p+)2−m2e)((k+q+)2−m2f)(k2+s+2k.(p++p−)−m2X)
. (6.25)
(9)
Universal in the sense that we have not referred to the spei details of the X0 exhange proess. The
amplitudes orresponding to the other diagrams (AD2,AC1,AC2) also give suh fators the only dierene
being the replaement t↔ u for rossed box diagrams i.e. the dierenes in the universal fators are due to the
topology of the diagrams rather than their physis.
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The rst term on the right hand side of 6.25 is universal, the terms in the denominator orre-
spond to the photon propagator and two fermion propagators and the −2t in the numerator
ame from the universal part of the numerator algebra. The seond term on the right hand
side of 6.25 learly depends on the hard sattering proess (note the mX terms), it is atually
a vetor and a tensor loop integral. The universal term goes as
∫
d |k| |k|−1 in the |k| → 0 limit
while the other term goes as
∫
d |k| i.e. only the universal part of the salar integral is infrared
divergent. The degree to whih the box diagram orretions are universal depends on how big
the rst integral is in 6.25 relative to the other terms. If we denote the universal part of the
salar integral oming from the denominator of the amplitude
SU (p+, q+) =
∫
d4k
(2π)4
1
k2
(
(k + p+)
2 −m2e
) (
(k + q+)
2 −m2f
) , (6.26)
we an then rewrite the amplitude 6.17
AD1 = −ie2ν¯ (p+) γµγα...γβγµν (q+) Tαβ − 2ie2tT ααABorn
−ie2ν¯ (p+) (γµγα...2q+µ + 2pµ+...γαγµ) ν (q+)Vα − 4ie2tV. (p+ + p−)ABorn
+2ie2tSU (p+, q+)ABorn
. (6.27)
where ... represents Ce−u (p−) u¯ (q−) Cf . Hopefully it is lear that the deomposition of suh
salar integrals into a universal part and non-universal part is as general as propagators with
denominators of the form p2 − m2, that is to say no matter what X0is we will always nd a
term SU 6.26.
We an repeat this proess with the other diagrams (gure 6) in exatly the same way, in
eah ase we have the generi result that the radiative orretion from ISR*FSR box diagrams
fatorizes from the tree level proess in the infrared divergent part of the salar loop integral.
Referring bak to 6.16 we see that the other topologies of the proess give the following salar
terms
AD1|Scalar = +2ie2tSU (p+, q+)ABorn
AD2|Scalar = +2ie2tSU (p−, q−)ABorn
AC1|Scalar = −2ie2uSU (p−, q+)ABorn
AC2|Scalar = −2ie2uSU (p+, q−)ABorn
. (6.28)
Again we have found what we are looking for, fatorization of the radiative orretions. The
ideal result, namely that the dierential ross setion due to ISR*FSR box diagrams interfering
with the tree level proess is of the form
dσBox = Universal Fator× dσBorn, (6.29)
i.e. exatly fatorizable requires that the vetor and tensor integral terms as well as the non-
universal parts of S are negligible relative to the infrared divergent, universal piee of S. Clearly
an exat fatorization is impossible, fatorization will only ever our to some degree. The
question then beomes, is a good degree of fatorization possible and generi? Requiring a
universally good degree of fatorization means that the fatorizable part of the amplitude must
somehow dominate all of the other parts. It does not seem improbable that this be the ase as
the universal orretion we are interested in always orresponds to an infrared divergene, in
fat it orresponds to the only divergene, infrared or otherwise. We shall briey postpone the
disussion regarding the relative sizes of the various ontributions to dσBox to disuss an initial
simplifying assumption.
It is important to note that some of the new physis X0 partiles whih we hope to apply
this analysis to will have momentum dependent ouplings e.g. gravitons (gravitons ouple to
the energy momentum tensor). Another, more pertinent point is that bosoni propagators
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generially ontribute polynomials in the momentum of the partile they represent to the nu-
merator as well as the denominator of the amplitude. This does not hange our urrent analysis
exept at the point of deomposition into salar vetor and tensor integrals 6.17 as gravitons
will give Ce− , Cf and PX0 then have a dependene on the loop momentum. In this ase the
same deomposition an be done into salar, vetor and tensor integrals and ruially one nds
that the salar term is the same as in equation 6.27. To see this all one has to do is simply
multiply out any k dependene in PX0 , Ce−, Cf i.e. deompose PX0 , Ce−, Cf into salar, vetor
bits et. Another way to understand this is to reall that the salar part is infrared divergent
and the momentum in the photon in our diagrams is just k the loop momentum, so naively
one an think of the photon line in the diagrams as vanishing in the infrared divergent limit.
Thus even in the ase where there is a non-trivial dependene of the ouplings and propagator
of X0 on the loop momentum the generi infrared term still ours, essentially one just has to
expand in the loop momentum. In the ase of momentum dependene of the ouplings et the
tensor integrals will naturally involve tensors of higher rank than just two i.e. we will have
tensor integrals of the form
∫
d
4k
(2π)4
kαkβkγ...
k2
(
(k + p+)
2 −m2e
) (
(k + q+)
2 −m2f
) (
(k + p+ + p−)
2 −m2X
) . (6.30)
This auses us to rethink the divergent struture of the amplitude, up to now only the term
involving the salar integral, the term that represents the universal radiative orretion was
(infrared) divergent, all other terms were ultraviolet and infrared nite. This was enouraging
from the point of view that this ould be expeted to make the universal orretion the dominant
one. In the most general senario momentum dependent ouplings and the numerator of the
propagator ould give ultraviolet terms. Power ounting shows that one requires four powers
of the loop momentum in the numerator to have an ultraviolet divergene. In Giudie et al
[28℄ the Feynman rules are derived in the unitary gauge in whih the graviton has a propagator
similar to that of the standard model gauge bosons in unitary gauge, that is to say the high
energy behavior goes as
1
m2
. We shall suppose that in this model (or at least in a fully onsistent
theory of gravity) it is possible to work in a gauge analogous to the the Rξ gauges in whih
the graviton propagator goes as
1
p2
at high energy. With this assumption then we have at most
four powers of the loop momentum in the numerator of any loop integral, two from the internal
fermions and one from eah oupling of the graviton to the fermions. Suh integrals diverge
logarithmially. Assuming we ut the integral o at |k| = Λ they should ontribute logarithms
∼ log Λ2
s
(Λ and
√
s are essentially the only two energy sales in the diagram). The model of
[28℄ has a ut o of order 1 TeV. For Λ = 10 TeV, s = 200 GeV we have log Λ
2
s
= 5, this is
something we should be mindful of when onsidering the size of any infrared divergenes.
The infrared divergent universal term must anel the orresponding infrared divergene
from the bremsstrahlung alulated in the last setion. To see this we have to regularize the
integral. We extend the dimensionality of the integral from 4 to n = 4 + ǫ′ dimensions as in
setion 6.1
SU (p+, q+) =
1
(2π)4
lim
ǫ′→0
(
1
µ
)ǫ′ ∫
d
4+ǫ′k
1
k2
(
(k + p+)
2 −m2e
) (
(k + q+)
2 −m2f
) . (6.31)
The denominators an be ombined through the usual method of introduing Feynman param-
eters
1
k2
(
(k + p+)
2 −m2e
) (
(k + q+)
2 −m2f
) = 2 ∫ 1
0
dy y
∫ 1
0
dx
1
(k2 + 2yk. (xp+ + (1− x) q+))3
.
(6.32)
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To use the standard integrals we omplete the square in the denominator and shift the variable
of integration by a onstant amount, kµ → k˜µ = kµ + y (xpµ+ + (1− x) qµ+) to give
SU (p+, q+) =
−iπ2
(2π)4
lim
ǫ′→0
(
1
µ
)ǫ′ ∫ 1
0
dx
∫ 1
0
dy y π
1
2
ǫ′Γ
(
1− 1
2
ǫ′
)(
1
y2 (xp+ + (1− x) q+)2
)1− 1
2
ǫ′
.
(6.33)
From now on we denote ∆(p+, q+) = (xp+ + (1− x) q+)2. In the urrent form we an perform
the integral over y, ∫ 1
0
dy y
(
1
y2
)1− 1
2
ǫ′
=
[
1
ǫ′
yǫ
′
]1
0
=
1
ǫ′
. (6.34)
Substituting this into SU (p+, q+) and expanding the term in brakets about ǫ
′ = 0 gives
SU (p+, q+) = − i
32π2
lim
ǫ′→0
∫ 1
0
dx
1
∆
(
1
ǫˆ
− log
(
µ2
s
)
+ log
(
∆
s
))
. (6.35)
Expanding ∆(p+, q+) (keeping all masses)
∆(p+, q+) =
(
x2t− x
(
t−m2e +m2f
)
+m2f
)
, (6.36)
we see that SU (p+, q+) is really a funtion of the Mandelstam variable t. Likewise ∆(p+, q+)
is really a funtion of t, ∆(t). We an perform the integral by ompleting the square in ∆(t)
∆ (p+, q+) = −t
(
k2 − y2
)
, (6.37)
where
y = x− 1
2
(1 + δ)
k2 = 1
4
(1 + δ)2 − m
2
f
t
δ =
m2
f
−m2e
t
. (6.38)
In this ase we have
∫ 1
0
dx
1
∆ (t)
log
(
∆(t)
s
)
= −1
t
∫ 1
2
(1−δ)
− 1
2
(1+δ)
dy
1
k2 − y2 log
−t
s
(
k2 − y2
)
. (6.39)
The integral is awkward and may be made easier by using the following relation
1
k − y log (k + y) =
d
dy
Li2
(
1
2k
(k − y)
)
+
1
k − y log (2k) . (6.40)
Substituting bak in for k2
(
k = 1
2
+ 1
2
δ − m
2
f
t
)
et and dropping terms O (δ2) the integral is
found to be
∫ 1
0 dx
1
∆(t)
log
(
∆(t)
s
)
= 1
4kt
[
log2
(
m2e
s
)
+ log2
(
m2
f
s
)
− 2 log2
(
−t
s
)]
+ 1
2kt
[
Li2
(
1 +
m2
f
t
)
− Li2
(
−m2e
t
)]
+ 1
2kt
[
Li2
(
1 + m
2
e
t
)
− Li2
(
−m
2
f
t
)] . (6.41)
This simple step is illustrated to ondense the struture of divergenes that are present in the
limit me, mf → 0, the ollinear divergenes. A similar deomposition to that in equation 6.38
gives the rst two terms in 6.35 as
∫ 1
0
dx
1
∆
(
1
ǫˆ
− log
(
µ2
s
))
=
1
2kt
(
1
ǫˆ
− log
(
µ2
s
))(
log
(
−m
2
e
t
)
+ log
(
−m
2
f
t
))
. (6.42)
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Finally, taking 2k ≈ 1 outside logarithms gives
SU (t) = − i
32π2
lim
ǫ′→0
[
1
t
(
log
(
−m
2
e
t
)
+ log
(
−m
2
f
t
))(
1
ǫˆ
− log
(
µ2
s
))
+
∫ 1
0
dx
1
∆ (t)
log
(
∆(t)
s
)]
.
(6.43)
In summary we have that in the most general ase the box diagrams under onsideration have
an amplitude whih onsists of a salar IR divergent term 2ie2tSU (t)ABorn (−2ie2uSU (u)ABorn
for the rossed box diagrams) along with other infrared nite terms the exat nature of whih
depends on the physis of the exhanged X0 boson. In addition it is possible that ultraviolet
divergenes are present among the other non-universal terms, in the ase of the quantum gravity
model of Giudie et al the amplitude is at most logarithmially divergent and we expet that
divergene enhanes suh a term by a small fator. Adding the universal ontributions of the
four diagrams 6 together we have
ABox|Universal
= AD1 +AD2 +AC1 +AC2
= α
π
limǫ′→0
[(
−1
ǫˆ
+ log
(
µ2
s
))
log
(
t
u
)
+ t
2
∫ 1
0 dx
1
∆(t)
log
(
∆(t)
s
)
− u
2
∫ 1
0 dx
1
∆(u)
log
(
∆(u)
s
)]
ABorn
.
(6.44)
The integral nal integral in 6.44 is the same as the one preeding it (shown in 6.41) with the
replaement t → u. These two integrals add to give terms whih are nite as me, mf → 0.
It is known in the literature that the initial state-nal state interferene orretions ontain
no ollinear divergenes, here we see expliitly that this result is true also for the universal
orretion as one would expet. We an safely take the limit me, mf → 0 leaving
ABox|Universal =
α
π
lim
ǫ′→0
[(
−1
ǫˆ
+ log
(
µ2
s
))
log
(
t
u
)
+
1
2
log2
(−u
s
)
− 1
2
log2
(−t
s
)]
. (6.45)
Denoting limǫˆ→0 [...] as F , the interferene of the box diagrams with the born amplitude may
be written
Σspins
(
ABornA
†
Box + ABoxA
†
Born
)
=
2α
π
F Σspins A†BornABorn, (6.46)
hene
dσBox|Universal =
2α
π
FdσBorn. (6.47)
If we now add the dierential ross setion due to box diagrams interfering with the Born level
amplitude to the dierential ross setion due to soft bremsstrahlung diagrams we obtain the
total dierential ross setion for the universal part of initial state-nal state interferene as
dσUniversal = dσSoft,Int + dσBox|Universal
= 2α
π
(
log
(
s
4ω2
)
log
(
u
t
)
− Li2
(
1 + s
t
)
+ Li2
(
1 + s
u
)
+1
2
log2
(
−u
s
)
− 1
2
log2
(
−t
s
))
dσBorn
. (6.48)
This is the universal ontribution to the dierential ross setion from initial state-nal state
interferene ontributions to some new physis exhange proess (X0) with tree level dierential
ross setion dσBorn. For
√
s ∼ 200 GeV while one may take the soft photon ut-o to be
ω ∼ 50 MeV (i.e. typial LEP experiments) this gives log
(
s
4ω2
)
= 15, this onstitutes a so-
alled large logarithm. This large logarithm log
(
s
4ω2
)
arises from the anellation of the infrared
divergenes in the box diagram and initial and nal state bremsstrahlung ontributions. As
noted earlier only the universal salar integral terms are infrared divergent thus no other terms
will undergo this large logarithmi enhanement. These universal fatorizable orretions maybe
resummed (exponentiated) as in the onventional treatment of the Sudakov eet. Considering
only terms O
(
α log
(
s
4ω2
))
orresponds to the leading log approximation for initial state-nal
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state interferene. We stress that terms whih are not universal are not infrared divergent
and so they will not have the large logarithm log
(
s
4ω2
)
, they orrespond to sub-leading terms
O (α). We onlude that initial state-nal state interferene orretions are universal within the
leading log approximation and we antiipate, onservatively, that the leading log (universal)
terms dominate non-universal sub-leading terms by a fator of 10.
It is of note that the theoretial study of the ISR*FSR interferene by the author began with
the alulation of the QED box diagram (i.e. for the ase that X0 is simply a photon). The
FeynCal [29℄ pakage was used to assist Dira traes and redution of the Passarino Veltman
funtions [23℄. The universal leading log term was ompared to the non-universal terms in this
ase and was found to dominate the sub-leading terms by a fator of at least 13 aross the cos θ
region under study.
7 Summary and Conlusions
We have seen that the radiator funtions desribing ISR, the dominant orretion, are merely the
result of an intrinsially fatorized DGLAP type analysis with no additional non-fatorizable
omponents and that these desribe the total ross setion to better than the 1% level. In
addition we have established that even ISR*FSR interferene ontributions to the dierential
ross setion are universal to better than the leading log approximation (note that equation
6.48 ontains sub-leading terms whih are nonetheless universal). With this in mind we feel
justied in using the numerial radiator funtions obtained from the ZFITTER program or its
relatives to orret the tree-level dierential ross setions of proesses involving the exhange
of some new partile. This method is valid within the ontext of the leading log approximation
(and also somewhat beyond).
We would like to stress however that though we onlude that to good approximation the
radiative orretions we have disussed are independent of the new physis in the diagrams they
are not independent of the topology of the diagrams. The ZFITTER pakage and this analysis is
only stritly valid for the ase of s-hannel difermion proesses. ZFITTER treats the t-hannel
proesses i.e. e+e− → e+e− dierently to the other difermion nal states. Our analysis of
the DGLAP eletron struture funtion approah to ISR will still hold for t-hannel proesses,
these orretions pertain only to the inoming partiles. On the other hand we expet that our
analysis of the universality of ISR*FSR interferene as disussed in setion 6.2 will be modied,
ertainly one should expet the angular dependene of the radiative orretions to be dierent.
Nevertheless a large logarithmi, universal, fatorizable term will result. This term will be,
by analogy to the s-hannel result, of the form 2α
π
log
(
t
4ω2
)
log (...) i.e. the t-hannel result
should still involve a logarithm of the ratio of the hard sale physis sale to the soft sale (ω2).
Provided that the uts on the cos θ region are not too loose i.e. provided all the events in the
sample are suh that t ≫ ω2, the resulting enhanement for the universal term
(
log
(
t
4ω2
))
will still be large thus making the use of radiative orretions to e+e− → e+e− in the standard
model valid, to good approximation, for new physis e+e− → e+e− proesses.
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Figure 7: The diagrams for tree level difermion proesses. From left to right these are s-
hannel and t-hannel proesses respetively. Only eletron-positron nal states may result
from t-hannel proesses.
f–(q+)e+(p+)
f(q
-
)e-(p
-
)
Z0*/g *g
f–(q+)e+(p-)
f(q
-
)e-(p+)
Figure 8: Diagrams orresponding to difermion events involving bremsstrahlung. The blak
irles denote all possible one-partile-irreduible diagrams. The arrows denote the ow of
fermion number, momenta p+, p− are owing inward, q+,q− are owing outward.
Appendix A
A difermion event is basially an event where an eletron and positron in the initial state
exhange a Z0∗ or a photon γ∗ and leaves a fermion and an anti-fermion in the nal state.
This an happen via s-hannel t-hannel exhange, these are depited in gure 7 at tree level.
t-hannel proesses are only possible for a dieletron nal state.
Radiative orretions to these proesses are signiant in the experiment and the denition
of a difermion proess is modied. More generally we dene a difermion event as an event
where an eletron and positron emit photons in the initial state then undergo an interation
whih produes a fermion anti-fermion pair and photons, nally the fermion and anti-fermion
may emit additional bremsstrahlung photons. Generally this an be redued to three types
of diagram, the tree level diagrams with bremsstrahlung from the external legs and verties
replaed by eetive verties (one-partile-irreduible diagrams with possible photons emitted
from them) and one with photons radiated o the external legs and a single 4-point eetive
vertex, to lowest order this is a simple box diagram. In addition it is possible that photons are
radiated o the one-partile-irreduible diagrams representing the verties.
We dene the Mandelstam variables s, t , u as(10)
s = (p+ + p−)
2 = (q+ + q−)
2
t = (p− − q−)2 = (p+ − q+)2
u = (p− − q+)2 = (p+ − q−)2
. (A.1)
Negleting the mass of the eletron it has four momentum p− = (Eb, 0, 0, Eb) prior to any
(10)
Momenta pi are owing inward, qi ow outward.
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bremsstrahlung, this denes the z-axis for the experiment, the positron has four momentum
p− = (Eb, 0, 0,−Eb), onsequently
Eb =
1
2
√
s. (A.2)
The initial state radiation (ISR) is dened as that whih is emitted from the external legs of
the diagrams. We denote the ombined outgoing momentum of the radiation emitted from the
external legs of momentum pi by kj (i = +,−, j = 1, 2) and from the external legs of momentum
qi by kj (i = +,−, j = 3, 4). Primed variables are dened to enable us to disuss the difermion
proess in the presene of radiative orretions where the invariant mass is redued
p′− = p− − k1
p′+ = p+ − k2
q′− = q− + k3
q′+ = q+ + k4
. (A.3)
In the presene of suh radiative orretions there is some ambiguity in the denition of s, t, u
as
(p− + p+)
2 6= (q− + q+)2 (A.4)
et, hene for the ase of radiative orretions we use
s = (p− + p+)
2
t = (p− − q−)2
u = (p+ − q−)2
s′ =
(
p′− + p
′
+
)2
=
(
q′− + q
′
+
)2
t′ =
(
p′− − q′−
)2
=
(
p′+ − q′+
)2
u′ =
(
p′− − q′+
)2
=
(
p′+ − q′−
)2
. (A.5)
Appendix B
In this appendix we show briey the integration of the soft photon phase spae fator assoiated
with the soft bremsstrahlung disussed in subsetion 6.1. The integral to be performed is
1
4π
(
1
µ
)ǫ′ ∫
|~k|<ω
d
ǫ′+3~k
k0
1
(k.pi) (k.pj)
. (B.1)
Following 't Hooft and Veltman [27℄ we introdue a parameter κ and dene
p = κpi
q = pj
, (B.2)
where κ is dened to be the solution of (p− q)2 = 0 whih gives q0 with the same sign as p0−q0.
With these denitions B.1 beomes,
κ
4π
(
1
µ
)ǫ′ ∫
|~k|<ω
d
ǫ′+3~k
k0
1
(k.p) (k.q)
. (B.3)
now ombine the denominators with a Feynman parameter (ab)−1 =
∫ 1
0 dx [ax+ b (1− x)]−2.
This easily gives,
κ
4π
(
1
µ
)ǫ′ ∫
|~k|<ω d
ǫ′+3~k
k0
∫ 1
0 dx
1
(k.P )2
= κ
4π
(
1
µ
)ǫ′ ∫ 1
0 dx
∫
|~k|<ω d
ǫ′+3~k
k0
1
k20(P0−|~P | cos θ˜)2
(B.4)
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where we have dened P = q + x (p− q).
The integration measure an be written expliitly in terms of its angular omponents and
momentum omponent in the usual way. The angular integrations are simplied by essentially
redening the photon momentum spae axes suh that θ˜ is the polar angle, in this ase all but the
polar angle integration is trivial. This is analogous to how integration over the azimuthal angle
in three dimensional problems gives a fator 2π when the integrand has rotational symmetry
about one axis, the d-dimensional analogy is a well known result see e.g. [3℄
∫
dΩd =
2π
d
2
Γ
(
d
2
) ∫ π
0
dθ˜ sind−1 θ˜. (B.5)
Equation B.2 gives the integration measure dΩd on a d-sphere, in our ase the phase spae is a
d = n−2 dimensional sphere of radius
∣∣∣~k∣∣∣ embedded in n−1 dimensions. Hene we deompose
d
ǫ′+3~k =
∣∣∣~k∣∣∣ǫ′+2 d ∣∣∣~k∣∣∣ dΩǫ′+2 giving B.1 as
κ
4π
(
1
µ
)ǫ′
2π1+
ǫ′
2
Γ
(
1 + ǫ
′
2
) ∫ 1
0
dx
∫ π
0
dθ˜
sinǫ
′+1 θ˜(
P0 −
∣∣∣~P ∣∣∣ cos θ˜)2
∫
|~k|<ω d
∣∣∣~k∣∣∣ kǫ′−10 , (B.6)
making the replaement sin θ˜dθ˜ → −d cos θ˜ this beomes,
1
4π
(
1
µ
)ǫ′ ∫
|~k|<ω
d
ǫ′+3~k
k0
1
(k.pi) (k.pj)
=
κ
2
π
ǫ′
2
Γ
(
1 + ǫ
′
2
) 1
ǫ′
(
ω
µ
)ǫ′ ∫ 1
0
dx
∫ +1
−1
d cos θ˜
(
1− cos2 θ˜
) ǫ′
2
(
P0 −
∣∣∣~P ∣∣∣ cos θ˜)2 .
(B.7)
Expanding in ǫ′, dropping terms O (ǫ′) and above this beomes,
κ
2
∫ 1
0
dx
∫ +1
−1
dC
1(
P0 −
∣∣∣~P ∣∣∣C)2
(
1
ǫ′
+ log
ω
µ
+
γ
2
+
1
2
log π +
1
2
log
(
1− C2
))
(B.8)
with cos θ relabeled as C. The angular integrations maybe safely arried out using a symboli
omputer algebra pakage giving for integral B.8
κ
2
∫ 1
0
dx
1
P 2

1
ǫˆ
+ log
(
ω
µ
)2
+ 2 log 2 +
P0∣∣∣~P ∣∣∣ log
P0 −
∣∣∣~P ∣∣∣
P0 +
∣∣∣~P ∣∣∣

 , (B.9)
(reall P = q + x (p− q)) where we have introdued the infrared regulator
1
ǫˆ
=
2
ǫ′
+ γ + log π. (B.10)
Again by analogy to [27℄, the integration is transformed suh that it is over m = P0−
∣∣∣~P ∣∣∣ using
v = 1
2
p2−q2
p0−q0
P 2 = q2 + P0−q0
p0−q0 (p
2 − q2)
= q2 + 2vP0 − 2vq0∣∣∣~P ∣∣∣2 = P 20 − P 2
= P 20 − q2 − 2vP0 + 2vq0
, (B.11)
28
where we have used the fat that κ was dened so that (p− q)2 = 0 in determining P 2 and∣∣∣~P ∣∣∣2 above. In terms of the new variables we have
log

P0 −
∣∣∣~P ∣∣∣
P0 +
∣∣∣~P ∣∣∣

 = log
(
m− v
v
.
m
m− 1
v
(2vq0 − q2)
)
. (B.12)
The rest of the integrand and the integration measure transforms as
dx
1
P 2
P0∣∣∣~P ∣∣∣ =
dm
2vl

 2
P 2
.
vP0∣∣∣~P ∣∣∣
dP0
dm

 . (B.13)
Dierentiating B.12 with respet to m we nd
d
dm
log

P0 −
∣∣∣~P ∣∣∣
P0 +
∣∣∣~P ∣∣∣

 = 2
P 2


∣∣∣~P ∣∣∣2 − P 20∣∣∣~P ∣∣∣

 dP0
dm
+
2
P 2
vP0∣∣∣~P ∣∣∣
dP0
dm
, (B.14)
this enables us to rewrite B.13 as
dx
1
P 2
P0∣∣∣~P ∣∣∣ =
dm
2vl

 d
dm
log

P0 −
∣∣∣~P ∣∣∣
P0 +
∣∣∣~P ∣∣∣

− 2
m− v

 . (B.15)
Substituting these transformed quantities B.13 and B.15 into the phase spae integral B.7 gives
1
4π
(
1
µ
)ǫ′ ∫
|~k|<ω d
ǫ′+3~k
k0
1
(k.pi)(k.pj)
= κ
2
(
1
ǫˆ
+ log
(
ω
µ
)2
+ 2 log 2
) ∫ 1
0 dx
1
P 2
+ κ
2
∫ p0−|~p|
q0−|~q|
dm
2vl
(
d
dm
log
(
m−v
v
. m
m− 1
v
(2vq0−q2)
)
− 2
m−v
)
log
(
m−v
v
. m
m− 1
v
(2vq0−q2)
) . (B.16)
The term log (...) d
dm
log (...) an be rewritten as 1
2
d
dm
log2 (...) in whih ase the integration is
trivial. The rst integral is also easy,
∫ 1
0
dx
1
P 2
=
1
2vl
log
(
1 +
2vl
q2
)
. (B.17)
This leaves one integral
1
4π
(
1
µ
)ǫ′ ∫
|~k|<ω d
ǫ′+3~k
k0
1
(k.pi)(k.pj)
= κ
4vl
(
1
ǫˆ
+ log
(
ω
µ
)2
+ 2 log 2
)
log
(
1 + 2vl
q2
)
+ κ
2vl
[
1
4
log2
(
m(m−v)
q2+mv−2vq0
)]p0−|~p|
q0−|~q|
− κ
2vl
∫ p0−|~p|
q0−|~q| dm
1
m−v log
(
m−v
v
. m
m− 1
v
(2vq0−q2)
) . (B.18)
The nal integral is awkward and is done with the help of the following two identities
log (m− a) = log
(
1− m−v
a−v
)
+ log (v − a)
d
dm
Li2 (A (m− v)) = − 1m−v log (1−A (m− v))
, (B.19)
∫ p0−|~p|
q0−|~q| dm
1
m−v log
(
m−v
v .
m
m− 1
v
(2vq0−q2)
)
=
[
−Li2
(
1− mv
)
+ Li2
(
v(m−v)
(2vq0−q2)−v2
)]p0−|~p|
q0−|~q|
+
∫ p0−|~p|
q0−|~q| dm
1
m−v log
(
(m−v)v
v2−2vq0+q2
) . (B.20)
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Finally we abbreviate v (v2 − 2vq0 + q2)−1 = c and perform a transformation of variables
x = (m− v) c, dm = 1
c
dx hene
∫ p0−|~p|
q0−|~q| dm
c
(m−v)c log ((m− v) c) =
∫ x2
x1
dx 1
x
log (x)
=
[
1
2
log2
(
v(m−v)
v2−2vq0+q2
)]p0−|~p|
q0−|~q|
. (B.21)
For the phase spae integral 6.11 we now have
⇒ 1
4π
(
1
µ
)ǫ′ ∫
|~k|<ω d
ǫ′+3~k
k0
1
(k.pi)(k.pj)
= κ
4vl
(
1
ǫˆ
+ log
(
4ω2
µ2
))
log
(
1 + 2vl
q2
)
+ κ
2vl
[
1
4
log2
(
m(m−v)
q2+mv−2vq0
)
− 1
2
log2
(
v(m−v)
q2+v2−2vq0
)
+ Li2
(
1− m
v
)
− Li2
(
v(m−v)
2vq0−q2−v2
)]p0−|~p|
q0−|~q|
.
(B.22)
Using the identity for the dilogarithm identity Li2
(
1
z
)
= −Li2 (z) − 12 log2 (−z) − ζ (2) this
beomes
⇒ 1
4π
(
1
µ
)ǫ′ ∫
|~k|<ω d
ǫ′+3~k
k0
1
(k.pi)(k.pj)
= κ
4vl
(
1
ǫˆ
+ log
(
4ω2
µ2
))
log
(
1 + 2vl
q2
)
+ κ
2vl
[
1
4
log2
(
m(m−v)
q2+mv−2vq0
)
+ Li2
(
1− m
v
)
+ Li2
(
2vq0−q2−v2
v(m−v)
)]p0−|~p|
q0−|~q|
. (B.23)
Retraing the algebra of B.12 bakward and using the relation p2 − 2vp0 = q2 − 2vq0 we an
write
(q0−|~q|)(q0−|~q|−v)
q2+(q0−|~q|)v−2vq0 =
q0−|~q|
q0+|~q|
(p0−|~p|)(p0−|~p|−v)
p2+(p0−|~p|)v−2vp0 =
p0−|~p|
p0+|~p|
2vq0−q2−v2
v(q0−|~q|−v) =
v−q0−|~q|
v
2vp0−p2−v2
v(p0−|~p|−v) =
v−p0−|~p|
v
. (B.24)
Also for any momentum four vetor V , in the limit of small masses, V 2 ≪ V 20 and we an
approximate,
V0 −
∣∣∣~V ∣∣∣ = V0 − V0 (1− V 2V 20
) 1
2 = V
2
2V0
V0 +
∣∣∣~V ∣∣∣ = V0 + V0 (1− V 2V 20
) 1
2 = 2V0
. (B.25)
Speially in the ase of initial state-nal state interferene ontributions to dσSoft we re-
quire four phase spae integrals orresponding to all possible permutations of a bremsstrahlung
photon from an initial state leg and a bremsstrahlung photon from a nal state leg i.e. all
ombinations of pi and pj where pi = p−, p+ and pj = q−, q+. Working also in the limit that
the photon arries o no energy pi,0 = pj,0, the phase spae integral an now be written
⇒ 1
4π
(
1
µ
)ǫ′ ∫
|~k|<ω d
ǫ′+3~k
k0
1
(k.pi)(k.pj)
= κ
4vl
(
1
ǫˆ
+ log
(
4ω2
µ2
))
log
(
1 + 2vl
q2
)
+ κ
8vl
log2
(
m2e
s
)
− κ
8vl
log2
(
m2
f
s
)
+ κ
2vl
[
Li2
(
v−m0+|~m|
v
)
+ Li2
(
v−m0−|~m|
v
)]m=κpi
m=pj
. (B.26)
Returning to equation 6.9 we see that the soft photon ontribution to ISR*FSR bremsstrahlung
is
dσSoft,Int = − α
4π2
∫
|~k|<ω
d3~k
k0
(
t
(k.p+) (k.q+)
+
t
(k.p−) (k.q−)
− u
(k.p+) (k.q−)
− u
(k.p−) (k.q+)
)
dσBorn.
(B.27)
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Finally we must determine κ for eah phase spae integral where κ was dened earlier as the
solution to
(κpi − pj)2 = 0, (B.28)
for whih κpi,0−pj,0 and pj,0 have the same sign. We shall demonstrate how to obtain κ for the
ase pi = p+ pj = q+, the results generalize easily to the other ombinations of momenta. In
this ase expanding B.28 gives a simple quadrati equation for κ. Working in the limit t≫ m2f
gives the two solutions (κ+, κ−) for κ to rst order as
κ+ = − tm2e
κ− = −m
2
f
t
. (B.29)
In the massless limit the Mandelstam variable t is
t = −s
2
(1− cos θ++) , (B.30)
where θ++ is the angle between | ~p+| and | ~q+|, therefore t is a negative quantity. We require the
solution for whih sign (κp+,0 − q+,0) = sign (q+,0) i.e.
sign
(
1
2
√
s (κ− 1)
)
= sign
(
1
2
√
s
)
(B.31)
so we require κ > 1. Again working in the limit t≫ m2f this means taking solution κ+ = − tm2e .
Exatly the same mathematis and the same κ are obtained using pi = p−, pj = q− and only
marginal dierenes in working give κ+ = − um2e for the other two ombinations of momenta.
Noting that κ is large we have that to lowest order in small things
v = 1
2κp0
κ2p2
(
1− q2
κ2p2
) (
1− q0
κp0
)−1
≈ κm2e√
s
. (B.32)
Now onsidering solely the dilogarithm terms in the small mass approximation B.25, we have
for κ = − t
m2e[
Li2
(
1− m0 − |~m|
v
)
+ Li2
(
1− m0 + |~m|
v
)]m=κpi
m=pj
= −1
2
log
(
m2e
s
)
− Li2
(
1 +
s
t
)
− π
2
3
,
(B.33)
where we have used Li2
(
− s
m2e
)
= −Li2
(
−m2e
s
)
− 1
2
log
(
m2e
s
)
−ζ (2) and Li2 (1) = ζ (2). The same
term for the seond solution κ = − u
m2e
takes the same form as above but with the replaement
t→ u. Substituting all of this into B.27 gives nally
dσSoft,Int =
2α
π
[(
1
ǫˆ
+ log
(
4ω2
µ2
))
log
(
t
u
)
− Li2
(
1 +
s
t
)
+ Li2
(
1 +
s
u
)]
dσBorn. (B.34)
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